
Prof. Yi Ma
Department of Electrical Engineering and Computer Sciences, UC Berkeley, 

yima@eecs.berkeley.edu

EECS 16B
Designing Information Devices and Systems II

Lecture 22



Outline
• Singular Value Decomposition (SVD)

• Theorem (with proof)

• Examples of SVD

• Full SVD
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Singular Value Decomposition (SVD)
Given                        with                           , we like to decompose it into a special matrix form:

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="FptoNacYWpPmQhJNAc/+JdS4PRk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJtIS8ituXCji1h9x5984bbPQ1gMXDufcy733hDGj2njet7Oyura+sVnYKm7v7O7tuwelppaJwqSBJZOqHSJNGBWkYahhpB0rgnjISCsc3U391hNRmkrxaCYxCTgaCBpRjIyVem6py0M5ThUSo6xycwqvoeq5Za/qzQCXiZ+TMshR77lf 3b7ECSfCYIa07vhebIIUKUMxI1mxm2gSIzxCA9KxVCBOdJDObs/giVX6MJLKljBwpv6eSBHXesJD28mRGepFbyr+53USE10FKRVxYojA80VRwqCRcBoE7FNFsGETSxBW1N4K8RAphI2Nq2hD8BdfXibNs6p/UfUezsu12zyOAjgCx6ACfHAJauAe1EEDYDAG z+AVvDmZ8+K8Ox/z1hUnnzkEf+B8/gDGEZOb</latexit>

rank(A) = r

<latexit sha1_base64="RYnIRe+Yl9/Qz0dovVbm6jz7Xy8="></latexit>

Ur = [~u1, ~u2, . . . , ~ur] orthogonal
<latexit sha1_base64="nOHhWOirmr2PSOno+7GioVXd/98="></latexit>

Vr = [~v1,~v2, . . . ,~vr] orthogonal

<latexit sha1_base64="nF6A0/99vaCOyZA/vLg5Ufz4ra4="></latexit>

A = Ur⌃rV
>
r = [~u1, ~u2, . . . , ~ur]
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<latexit sha1_base64="A3Fi7peZiGfQxoaEABqOvT4Jkvk="></latexit>

⌃r = diag{�1,�2, . . . ,�r} > 0



Singular Value Decomposition (Theorem)
Theorem: given                       with                          ,  

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="Ev3ArgU5HE+SgucGU0O8K/Lljok=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJmII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWNGtfG8b2dpeWV1bb2wUdzc2t7Zdff2m1omCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDPxWw9EaSrFvUljEnA0EDSiGBkr9dxSl4fyMVNIjMaVq2N4CRXsuWWv6k0BF4mfkzLIUe+5X92+xAknwmCGtO74XmyCDClDMSPjYjfRJEZ4hAakY6lAnOggmx4/hkdW6cNIKlvCwKn6eyJDXOuUh7aTIzPU895E/M/rJCa6CDIq4sQQgWeLooRBI+EkCdinimDDUksQVtTeCvEQKYSNzatoQ/DnX14kzZOqf1b17k7Ltes8jgI4AIegAnxwDmrgFtRBA2CQgmfwCt6cJ+fFeXc+Zq1LTj5TAn/gfP4AIfyTxQ==</latexit>

rank(A) = r let                                 and                 ,

Proof:

<latexit sha1_base64="1j3RihzOGcWU6EXJKi/IhM01O+o=">AAACJHicbVBLS8NAGNzUV62vqEcvi0XwVBIRFaTQ6sVjBfuAJg2bzaZdunmwuymUkB/jxb/ixYMPPHjxt7hNc6jVgYVh5pvd/caNGRXSML600srq2vpGebOytb2zu6fvH3RElHBM2jhiEe+5SBBGQ9KWVDLSizlBgctI1x3fzvzuhHBBo/BBTmNiB2gYUp9iJJXk6NfNgSWjGDYhrENLJIGT0rqZDTi0mLrFQw6F1oTgdJItsjzk6FWjZuSAf4lZkCoo0HL0d8uLcBKQUGKGhOibRiztFHFJMSNZxUoEiREeoyHpKxqigAg7zZfM4IlSPOhHXJ1QwlxdTKQoEGIauGoyQHIklr2Z+J/XT6R/Zac0jBNJQjx/yE8YlBGcNQY9ygmWbKoIwpyqv0I8QhxhqXqtqBLM5ZX/ks5ZzbyoGffn1cZNUUcZHIFjcApMcAka4A60QBtg8AiewSt40560F+1D+5yPlrQicwh+Qfv+AQ/qpIs=</latexit>

A>A =
rX

i=1

�i~vi~v
>
i

<latexit sha1_base64="/NAHZt6WrJsAKciCraoWB6FcPLU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclURE3QhFNy4r2Ac0IUwm03boZBJnboQSunDjr7hxoYhbP8Kdf+O0zUJbDwwczrmHO/eEqeAaHOfbWlpeWV1bL22UN7e2d3btvf2WTjJFWZMmIlGdkGgmuGRN4CBYJ1WMxKFg7XB4PfHbD0xpnsg7GKXMj0lf8h6nBIwU2BVP835MAo4vsafvFeSeMOnIKOPArjo1Zwq8SNyCVFGBRmB/eVFCs5hJoIJo3XWdFPycKOBUsHHZyzRLCR2SPusaKknMtJ9PjxjjI6NEuJco8yTgqfo7kZNY61EcmsmYwEDPexPxP6+bQe/Cz7lMM2CSzhb1MoEhwZNGcMQVoyBGhhCquPkrpgOiCAXTW9mU4M6fvEhaJzX3rObcnlbrV0UdJVRBh+gYuegc1dENaqAmougRPaNX9GY9WS/Wu/UxG12yiswB+gPr8weZf5gT</latexit>

�i =
p

�i
<latexit sha1_base64="X96bK9kT2Pa+RYhdx3HNLUfsS4M="></latexit>

~ui =
1

�i
A~vi 2 Rm, i = 1, . . . , r. , andThen we have 

<latexit sha1_base64="vm834vVbslDPt6UwCqv1q9bG0is="></latexit>

A =
rX

i=1

�i~ui~v
>
i = Ur⌃rV

>
r

<latexit sha1_base64="CsTpTI5KsivgM/Rplf0fsl0i/VI="></latexit>

⌃r = diag{�1, . . . ,�r} =

2
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. . . 0

0 0 �r

3
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<latexit sha1_base64="RYnIRe+Yl9/Qz0dovVbm6jz7Xy8="></latexit>

Ur = [~u1, ~u2, . . . , ~ur] orthogonal



Singular Value Decomposition (Theorem)
Theorem: given                       with                          ,  

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="Ev3ArgU5HE+SgucGU0O8K/Lljok=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJmII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWNGtfG8b2dpeWV1bb2wUdzc2t7Zdff2m1omCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDPxWw9EaSrFvUljEnA0EDSiGBkr9dxSl4fyMVNIjMaVq2N4CRXsuWWv6k0BF4mfkzLIUe+5X92+xAknwmCGtO74XmyCDClDMSPjYjfRJEZ4hAakY6lAnOggmx4/hkdW6cNIKlvCwKn6eyJDXOuUh7aTIzPU895E/M/rJCa6CDIq4sQQgWeLooRBI+EkCdinimDDUksQVtTeCvEQKYSNzatoQ/DnX14kzZOqf1b17k7Ltes8jgI4AIegAnxwDmrgFtRBA2CQgmfwCt6cJ+fFeXc+Zq1LTj5TAn/gfP4AIfyTxQ==</latexit>

rank(A) = r let                                 and                 ,

Proof:

<latexit sha1_base64="1j3RihzOGcWU6EXJKi/IhM01O+o=">AAACJHicbVBLS8NAGNzUV62vqEcvi0XwVBIRFaTQ6sVjBfuAJg2bzaZdunmwuymUkB/jxb/ixYMPPHjxt7hNc6jVgYVh5pvd/caNGRXSML600srq2vpGebOytb2zu6fvH3RElHBM2jhiEe+5SBBGQ9KWVDLSizlBgctI1x3fzvzuhHBBo/BBTmNiB2gYUp9iJJXk6NfNgSWjGDYhrENLJIGT0rqZDTi0mLrFQw6F1oTgdJItsjzk6FWjZuSAf4lZkCoo0HL0d8uLcBKQUGKGhOibRiztFHFJMSNZxUoEiREeoyHpKxqigAg7zZfM4IlSPOhHXJ1QwlxdTKQoEGIauGoyQHIklr2Z+J/XT6R/Zac0jBNJQjx/yE8YlBGcNQY9ygmWbKoIwpyqv0I8QhxhqXqtqBLM5ZX/ks5ZzbyoGffn1cZNUUcZHIFjcApMcAka4A60QBtg8AiewSt40560F+1D+5yPlrQicwh+Qfv+AQ/qpIs=</latexit>

A>A =
rX

i=1

�i~vi~v
>
i

<latexit sha1_base64="/NAHZt6WrJsAKciCraoWB6FcPLU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclURE3QhFNy4r2Ac0IUwm03boZBJnboQSunDjr7hxoYhbP8Kdf+O0zUJbDwwczrmHO/eEqeAaHOfbWlpeWV1bL22UN7e2d3btvf2WTjJFWZMmIlGdkGgmuGRN4CBYJ1WMxKFg7XB4PfHbD0xpnsg7GKXMj0lf8h6nBIwU2BVP835MAo4vsafvFeSeMOnIKOPArjo1Zwq8SNyCVFGBRmB/eVFCs5hJoIJo3XWdFPycKOBUsHHZyzRLCR2SPusaKknMtJ9PjxjjI6NEuJco8yTgqfo7kZNY61EcmsmYwEDPexPxP6+bQe/Cz7lMM2CSzhb1MoEhwZNGcMQVoyBGhhCquPkrpgOiCAXTW9mU4M6fvEhaJzX3rObcnlbrV0UdJVRBh+gYuegc1dENaqAmougRPaNX9GY9WS/Wu/UxG12yiswB+gPr8weZf5gT</latexit>

�i =
p

�i
<latexit sha1_base64="X96bK9kT2Pa+RYhdx3HNLUfsS4M="></latexit>

~ui =
1

�i
A~vi 2 Rm, i = 1, . . . , r.

<latexit sha1_base64="tP73Ml6XK/0z9Dtkpi8cQqqhaU0="></latexit>

U = [ !u1, !u2, . . . , !ur ] orthogonal, andThen we have 
<latexit sha1_base64="vm834vVbslDPt6UwCqv1q9bG0is="></latexit>

A =
rX

i=1

�i~ui~v
>
i = Ur⌃rV

>
r



Singular Value Decomposition
Given                     with                         , two (equivalent) ways to find SVD: 

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="Ev3ArgU5HE+SgucGU0O8K/Lljok=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJmII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWNGtfG8b2dpeWV1bb2wUdzc2t7Zdff2m1omCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDPxWw9EaSrFvUljEnA0EDSiGBkr9dxSl4fyMVNIjMaVq2N4CRXsuWWv6k0BF4mfkzLIUe+5X92+xAknwmCGtO74XmyCDClDMSPjYjfRJEZ4hAakY6lAnOggmx4/hkdW6cNIKlvCwKn6eyJDXOuUh7aTIzPU895E/M/rJCa6CDIq4sQQgWeLooRBI+EkCdinimDDUksQVtTeCvEQKYSNzatoQ/DnX14kzZOqf1b17k7Ltes8jgI4AIegAnxwDmrgFtRBA2CQgmfwCt6cJ+fFeXc+Zq1LTj5TAn/gfP4AIfyTxQ==</latexit>

rank(A) = r
<latexit sha1_base64="rZzcWIvAuToFMZHAk/bMrdGYzgg=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiLlvduKxiH9C0ZTKdtEMnkzBzI5SQD3Djr7hxoYhbP8Cdf+OkzUJbD1w4nHMv997jRYJrsO1va2l5ZXVtvbBR3Nza3tkt7e03dRgryho0FKFqe0QzwSVrAAfB2pFiJPAEa3nj68xvPTCleSjvYRKxbkCGkvucEjBSv1Su9VwII1zDLpfYDQiMPC+5S3uJdIEHTGOZmi67Yk+BF4mTkzLKUe+XvtxBSOOASaCCaN1x7Ai6CVHAqWBp0Y01iwgdkyHrGCqJ2dNNps+k+NgoA+yHypQEPFV/TyQk0HoSeKYzu1bPe5n4n9eJwb/sJlxGMTBJZ4v8WGAIcZYMHnDFKIiJIYQqbm7FdEQUoWDyK5oQnPmXF0nztOKcV+zbs3L1Ko+jgA7RETpBDrpAVXSD6qiBKHpEz+gVvVlP1ov1bn3MWpesfOYA/YH1+QMoXJsU</latexit>

A ! A ! Rn " n
<latexit sha1_base64="F+mKoSO1XRESl+IeDRcX2Fao/AA=">AAACDXicbVA9TwJBEN3DL8Qv1NJmI5pYkTtj1BK0sUQjHwkHZG9ZYMPu3mV3zoRc+AM2/hUbC42xtbfz37gHFAq+ZJKX92YyMy+IBDfgut9OZml5ZXUtu57b2Nza3snv7tVMGGvKqjQUoW4ExDDBFasCB8EakWZEBoLVg+F16tcfmDY8VPcwilhLkr7iPU4JWKmTPyrjctuHMMLY5wr7ksAgCJK7cTuRPnDJDJbjTr7gFt0J8CLxZqSAZqh08l9+N6SxZAqoIMY0PTeCVkI0cCrYOOfHhkWEDkmfNS1VxO5pJZNvxvjYKl3cC7UtBXii/p5IiDRmJAPbmV5r5r1U/M9rxtC7bCVcRTEwRaeLerHAEOI0GtzlmlEQI0sI1dzeiumAaELBBpizIXjzLy+S2mnROy+6t2eF0tUsjiw6QIfoBHnoApXQDaqgKqLoET2jV/TmPDkvzrvzMW3NOLOZffQHzucPfuubPA==</latexit>

AA ! ! Rm " m



Singular Value Decomposition (example)
<latexit sha1_base64="xFD4ElWpWnVScT10TUCnLDL35zg="></latexit>

A =
!

4 4
! 3 3

"
, A! =

!
4 ! 3
4 3

"



Singular Value Decomposition (example)
<latexit sha1_base64="4WeVwu2dTicnC83imUgsJVNT6R8="></latexit>

A =
!

0 1
! 1 0

"
, A! =

!
0 ! 1
1 0

"



Compact versus Full SVD
<latexit sha1_base64="EQNS+FXp7JQ8AF09YTx/9EdjfFQ="></latexit>

A = [ !u1, !u2, . . . , !ur ]

!

"
"
"
"
#

" 1 0 á á á 0

0 " 2
. . .

...
...
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. . . 0
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$
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%
%
%
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!

"
"
"
#
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1

!v!
2
...

!v!
r

$

%
%
%
&Compact SVD:

<latexit sha1_base64="vm834vVbslDPt6UwCqv1q9bG0is="></latexit>

A =
r!

i =1

! i "ui "v!
i = Ur ! r V !

r



Compact versus Full SVD

Full SVD:

<latexit sha1_base64="Z/15Pl+y3nfTROk4/4akgQc6o/4="></latexit>

A = U! V ! = [ !u1, . . . , !ur , !ur +1 , . . . , !um ]

!
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"
"
"
"
"
"
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Full SVD for Full-rank Matrices



Geometric Interpretation of SVD



Geometric Interpretation of SVD

EECS 16B Note 16: Minimum-Energy Control and Singular Value Decomposition 2022-09-19 19:42:49-07:00

1. V ! !x which rotates !x without changing its length.

2. ! V ! !x which stretches the resulting vector along each axis with the corresponding singular value,

3. U! V ! !x which again rotates the resulting vector without changing its length.

The following Þgure illustrates these three operations moving from the right to the left.

A = U ! V !

!v1

!v2

!e1

!e2

! 1!e1

! 2!e2
! 1!u1

! 2!u2

Here as usual!e1,!e2 are the Þrst and second standard basis vectors.

The geometric interpretation above reveals that ! 1 is the largest ampliÞcation factor a vector can expe-

rience upon multiplication by A. More speciÞcally, if " !x" # 1 then " A!x" # ! 1. We achieve equality at

!x = !v1, because then

" A!x" =
!
!
! U! V ! !v1

!
!
! = " U! !e1" = " ! 1U!e1" = " ! 1!u1" = ! 1" !u1" = ! 1. (21)

5 The SVD and Orthonormal Diagonalization

We attempt to compare the results of the full SVD to orthonormal diagonalization. The spectral theorem

says that, if A $ Rn%n is symmetric, then there exists some orthonormal square matrix P $ Rn%n and

diagonal matrix " $ Rn%n such that A = P" P! . It turns out that (up to sign issues and ordering of the

singular values) that this is a valid SVD, and thus inherits the linear algebraic properties of the SVD.

Theorem 17 (Orthonormal Diagonalization is SVD)

Let A $ Rn%n be a square symmetric matrix with orthonormal diagonalization A = P" P! , where

P =
"
!p1 á á á!pn

#
" =

$

%
%
&

" 1
...

" n

'

(
(
) . (22)

Suppose that |" 1| & á á á& |" n|. DeÞne

U =
"
!u1 á á á!un

#
where !ui =

*
+

,
!pi " i & 0

' !pi " i < 0
(23)

! =

$

%
%
&

|" 1|
...

|" n|

'

(
(
) (24)

V = P. (25)
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