EECS16B
Designing Information
Devices and Systems I

Lecture 15A
Linearization



Intro

e Last time
— PCA

» foday
— A bit on Linearization of non-linear systems
—laylor approximation
—Gradient
—Jacobian



https://www.youtube.com/watch?v=SPO9%pVwoxVg



Linearization

State variables:

at




Linearization










Scary Example: Pole on a Cart

How many state variables?
How to systematically linearize?

1 u :
. Y % sing — sinecose)
Y %+Sin26’ (m g
. 1 : M
H = l(% ) (—% cos @ — 01 sin 0 cos 6 + ;mgsinﬁ)




Linearization- teaching approach

Start with scalar
f:R—-R

Continue to Vector to scalar functions

N
f:R" — R
First for N=2 and slow derivation
Then — show math syntax sugar (gradient)

Generalize to f . RN — RN (Jacobian)



Taylor Approximation - scalar

f:R—R




Taylor Approximation - scalar

f:R—R




Taylor Approximation - scalar

f:R—=R

fl) = f(z¥) + f'(a")(z — 27)

= sin(x) ~ sin(x™) + cos(x™)(z — ™)

r” = 0| = sin(x) ~ sin(0) + cos(0)(x — 0)

SINTL ~ T




Taylor Approximation - scalar f:R—-R

= sin(x) =~ sin(x™) + cos(z™)(x — ™)

Example:




Taylor Approximation - vector

f:RY >R

Example: f:R* - R f(Z) =

Let’s look at

fz1,20 = 25) = 2] +

% 2
2




Scalar “template”

Partial Derivative f(z) ~ f(z*) + F(z")(x — o)

f(xy, 20 = 25) = 22 + 23°

d Wood o, d

dajl f($17 582) - dﬂ?l ajl | dajl QEQ — 2&71
0

8371 f(ZCl?an) — 2(171
0




Taylor Approximation - vector

f(z1, 20 = 25) = 27 + 23

% 2

ﬁml

Scalar “template”

fl@) ~ f(@") + [ (a")(z — 27

f(ajlvm?)

f(xy,25) ~ affz | :1732 +2x7 (x1 — 27)

Similarly:

SO,

f(zy,m0) m af” + 23" + 205 (ze — 23)

f(mlvx?)

2
S

2
75

233>{($1 — QZ‘T)

>

1 1 L } A | |




Taylor Approximation - vector
f(z1,@2) m o) + a5 + 22] (21 — 27) + 225z — 73)

Write In vector form:

flar,2) = a)” + 35 + 2z7 2w |(7 - )




Scalar “template”

Taylor Approximation - vector f(2) ~ Fla*) + F(x*) (@ — 2°)

- 2xy 2z (-2

f(@) ~ f(@)+ | 2 f(@) 2=f@) ] (@ —7)

f(Z) = f(27) + V(@) (7 =27

Q: What are the dimensions of Vf(x*) ? (gradient / Jacobian)



Taylor Approximation - vector

PRV RN (D)= F@ED)
f(@) = f(@) + V&)@ —77)
NX 1 NX1 NX 1

Q: What are the dimensions of Vf(?) ? (Jacobian)

A: NxN ?




Taylor Approximation - vector

f:RY - RY f(Z) =

,j th entry:

V() = 0fi(z)

8.233'



Taylor Approximation - vector f1 (:L'l, JUK I ZCN)
fz(éUl, ' ,fBN)
f:RY - RY f(T) = |
fN (3317 ; ‘/BN)
0 f1 - 0 f1
0x1 0x N jth entry:
VF(Z) = ; 0fi(x)
ofn OfN 8333'

0x1 ox N



Taylor Approximation - vector f1 (:L'l, JUK I ZCN)
fz(éUl, ' ,fBN)
f:RY - RY f(T) = |
fN (3317 ; ‘/BN)
0 f1 - 0 f1
0x1 0x N jth entry:
VF(Z) = ; 0fi(x)
ofn OfN 8333'

0x1 ox N



Linearization of State-Space

Linearize around an equilibrium, a point s.t.:

f(f*) = U Q: why?

d — — -
E&az - f(_i - _)*A. no change!
~ @)+ VIE)E )
: T

write a state model for deviation!



Linearization of State-Space

P=7— 2"
d d
—Z(t) = —Z(t
—2(t) = —z(t)




Scary Example: Pole on a Cart

Q ) Can you do it for this example?

1 u :
] = — 1+ H%lsinf — gsin 8 cos 6’)
Y %—Fsinz@ (m d
. 1 . M
H = l(% ) (—% cos @ — %1 sin 6 cos O + ;L_mgsiné’)



Back to the Pendulum




Back to the Pendulum




Pendulum at Equilibrium

of1 Of1 0
Of2  Ofa2 — 2 Ccos X1
82’11 8:1’}2 l

x:1* =0, x2*= 0, Downward equilibrium
0 1 . .
Adown = " This is the same as small signal

g .
l m analysis!

x/*=m x2* =0, Upward equilibrium

0 1 . .
Aup _ l . 5 ] Eigen values

[ m




Discrete Time
X[n+ 11 = f(X[n])

Y = ¥ is an equilibrium if:
f()_f*) — x*¥ (for cont. f (27 ) = ()
x[n] = x[n] — x*
n+1]l=x[n+1] —x*
= f(x[n]) —x* A

. SVER .
~ fx*T)+ VS (x*) x|n] —x*

X[n+ 1] = AX[n]



Summary

» Described linearization about an equilibrium point
— Continuous time
— Discrete time



