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General Procedure for SVD

based on ATA

1. Find eigenvalues of ATA and
order them from biggest to smallest

Al > Ay 2
2: Find orthonormal vectors of ATA
—> ]' —
3:Set 0, = v )\z U; = 0‘_sz

Ae R
based on AAT

1. Find eigenvalues of AAT and
order them from biggest to smallest

2. Find orthonormal vectors of AAT

AAM; = A,

1
3:Set g;, = \/ A\, U; = _AT{[@

op



Accuracy with Finite Precision
Consider matrix AeR512x256 with the following singular values:
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sign exponent mantissa
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10-= Precision error , , ,
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_ | i IEEE 32-bit 1 8 23
107
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10-15 LAPACK double

-_—
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Accuracy with Finite Precision
Consider matrix AeR512x256 with the following singular values:
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Geometric Interpretation

A=UxXV?! Ax

U )3
E— o E—

1

[|AZ]| < o1|2]]

Q: What vector would amplify the most?
A: Aligns with v,
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Top-Secret (1984)




Rank 1 Matrix

Consider the following matrix:

I 1 1 1 1
2 2 2 2 2 Rank = 1
3 3 3 3 3

R N =

We can decompose a rank-1 matrix as an outer product:

» dyv € Rmxn ue R™
1171 111 1 1] veR”
2 ) lxn

3



SVD

SVD decom
_ poses a rank r matrix
Into a sum of r rank-1 matrices: AR

1y Tg =10 177 i
; { | 2_] —> ||uz|| =1 ?ZZ_L?IJ

2) =" = 0 Z#]
1 1=

3) 01 >09>:--->0, >0



SVD

A =01l Ty +0o2tlaly + - -+ + 0,y U

m X N m-—+n m +n m +n

r(m+n) <mn Ifmnarelarge and r is small

Typically, 5 > 5, > ... > 5. >> 00 > > 0y

10 8 O 0.1 0.001

- 1.02 099 098 1.03 101 1
2 1.98 2.01 2.03 1.99 1.97
3.0l 298 3 299 3.03 3.02

A~ O1U1Uq + O2U1Uq T T O+ UpU
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Noisy Flag

- 1.02 0.99 098 1.03 1.01
1.98 2.01 2.03 199 1.97

01 2.98 2.99 3.03 3.02 E 0 U; U




Video of a Heart
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Heart Example
O-Zu’b
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A ’
.
)
b »




Heart Example




Data Analysis with SVD

A~ Jlulvl —|—02u1 1T++arur?7T

N movies ratings effective
125 5 13 332554 4322511
532 1 13 331124 55441 3 2
-~ |51 2 112 331121 553511 2
viewersf 53 2 1 13 2 3 1 1 2 4 1 1 4 4 5 1 5
123 2 13 232121 1144515
11 1 1 53 3 3152 4 44251511

peg Py A =TT

- 01
_ Attribute 1 Attribute 2 Attribute 3
“Funng “Scary “Dramatic”
I’)Qm VV\{JL]/\ My C\

(€J IO@\ hhy




N Movies

X X

o X

X

2V

XX xwvm
X < X

VAXX

Classification with SVD

Movie significance for attribute 2

Movie significance for attriute 1

Miki’s rating

Miki belongs to class: like A2 don't like A



N Movies

Classification with SVD
m
ﬁlT viewers
o
} _ B
Uy

Viewer sianificance for attriute 2

<.
Q
=
Q
=
)
By
=
=
Q
n

A2 “Scary’

X

A1 “funny”

Star Wars is somewhat funny and somewhat scary



Prediction with SVD

Can try to predict preferences of
a new customer with few ratings

N Movies

See homework! -

VIeWS

Attribute 1 Attribute 2 Attribute 3



Low-rank Completion

What if my database is full of “holes™?

Should be still low-rank!

N Movies

Q) Can we complete missing data”?

A) Sometimes! Very recent mathematical and practical results show you can.

Keywords: Compressed Sensing, Low-rank completion, robust PCA

E. Candes and B. Recht, Foundation of Computational Mathematics, 2009;9:717




Low-Rank Recovery from 20% pixels

» Algorithm for low-rank
completion:

— flag_hat = flag
— Compute [U,S,V] = svd(flag_hat

A
R v S ok

e L

Hagy,a, = E 00, a0 e e

N P Wt \ 4
Sl S TH ! ey .
Ne g A 3. e (PN X u“.’;ff;‘ .

N .-'.. & - T - R e N iy P S T AR T SR
. : ‘ . h }“ ‘ f\‘—.{’::.\-‘r; .:'V-h Y .r?(" " - “.T..’ ’&';{'}P!f\ "é
3 9 Agiiarioyzis
R ».‘:?&tl-tpi';-' o

— update missing pixels in flag from K.

— repeat (250 times here

o =
R T
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Dynamic MRI
Missing Data
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~1.5x 1.5 X3 mm3 »




Dynamic MRI
Low-Rank

~1.5x 1.5 X3 mm3




Principal Component Analysis

Application of the SVD to datasets to learn features
PCA is a tool in statistics and machine learning, which can be computed using SVD

movies

viewers




Example -- PCA
Consider data s.t.

a1 Ao ~ 3a1 0'1?71 ay as ~ 3a; + 1 0'1171
(2 g a9
A A >§<
X
X ToUs| o
092U9 XXX
/1S (1 X Q-
X X X
X

SVD SVD



Example -- PCA
Consider miterm data

mit1 mit2

students




Example -- PCA
Consider miterm data

mit1 mit2

students




Example -- PCA
Consider miterm data

mit1 mit2 up-down ’ «/
mobili;y X XK

SV X
mit2 t W XX
X Y 9%

consistency

students




PCA Procedure
Remove averages from column of A

From ATA, find o;. v; mitl - mit2

mit2 1

v; are principal components!

students




ATA as sample covariance matrix

Nl
A=a a“:N %) A:c_i—a“f
1=0
ATA = (@ —a,1) (@ —a,l)
— @73 —2Na® + Na> =i d— Na,,
N—1
1 =~ 1 4 1
NATA: ﬁaTa—ai =~ Za?—ai = a’

i—0 Sample
Variance!






