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Announcements

• Last time:
• Resonant Tank
• AC Response / Phasors

• Today:
• Cont. AC response
• AC Power
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Recap

ejωt
+
-

H( jω)ejωt

Complex valued “resistance”

Z = R + jX
Reactance

Resistance
Impedance

Z = jωL _
Z =

1
jωCZ = R
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Example 1: AC Response of an RC

AC responses using phasors:

Ṽs
~ Zc =

1
jωC

R

Ṽo

Voltage divider:

Ṽo =
1

jωC

R + 1
jωC

Ṽs

Ṽo =
1

jωRC + 1
Ṽs

Vs(t) = VDD cos(ωt)

Ṽo =
Zc

R + Zc
Ṽs
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Example 1: AC Response of an RC

~

R

Ṽs Ṽo
Ṽo =

1
jωRC + 1

Ṽs

H( jω) =
Ṽo

Ṽs
=

1
jωRC + 1

|H( jω) | =
1

ω2(RC)2 + 1

∠H( jω) = − atan(ωRC)

Zc =
1

jωC
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Example 1: AC Response of an RC |H( jω) | =
1

ω2(RC)2 + 1

∠H( jω) = − atan(ωRC)
ω = 0 |H( jω) | = 1 ∠H( jω) = 0

ω =
1

RC
|H( jω) | =

1

2
∠H( jω) = −

π
4

= − 45∘

ω ≫
1

RC
|H( jω) | ≈

1
ω(RC)

ω → ∞ |H( jω) | → 0 ∠H( jω) = −
π
2

= − 90∘
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Example 1: AC Response of an RC

|H( jω) | =
1

ω2(RC)2 + 1
∠H( jω) = − atan(ωRC)

ω =
1

RC
= 2π100 |H( jω) | =

1

2
∠H( jω) = −

π
4

= − 45∘

Input: 
Vs(t) = VDD cos(2π ⋅ 100t) Vs(t) =

1

2
VDD cos (2π ⋅ 100t −

π
4 )Output: 
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Example 1: AC Response of an RC

|H( jω) | =
1

ω2(RC)2 + 1
∠H( jω) = − atan(ωRC)

ω =
1

RC
= 2π100 |H( jω) | =

1

2
∠H( jω) = −

π
4

= − 45∘

Input: 
Vs(t) = VDD cos(2π ⋅ 100t) Vs(t) =

1

2
VDD cos (2π ⋅ 100t −

π
4 )Output: 

−
π
4

1

2

Loglog plot|H( jω) |
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−0.46π

∠H( jω)
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Example 1: AC Response of an RC

ω =
1

RC
= 2π100 |H( jω) | =

1

2
∠H( jω) = −

π
4

= − 45∘

Input: 
Vs(t) = VDD cos(2π ⋅ 100t) Vs(t) =
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π
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Example 1: AC Response of an RC

ω =
1

RC
= 2π100 |H( jω) | =

1

2
∠H( jω) = −

π
4

= − 45∘

Input: 
Vs(t) = VDD cos(2π ⋅ 1000t) Vs(t) ≈ 0.1VDD cos (2π ⋅ 1000t − 0.46π)

Output: 
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Example 1: AC Response of an RC

|H( jω) | =
1

ω2(RC)2 + 1
∠H( jω) = − atan(ωRC)

ω =
1

RC
= 2π100 |H( jω) | =

1

2
∠H( jω) = −

π
4

= − 45∘

Input: 
Vs(t) = VDD cos(2π ⋅ 100t)

Output: 
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Vs(t) ≈ 0.1VDD cos (2π ⋅ 1000t − 0.46π)
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AC circuits in steady state
• Network theorems that apply:

• Voltage / current dividers
• Source superposition
• Thevenin/Norton
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AC circuits in steady state 
Rules of 👍 for L and C:

lim
ω→0

Zc =
1

jωC
Ṽs

~
Zc =

1
jωC

R

Ṽo
Ṽs

~ Zc = jωL

R

Ṽo

lim
ω→0

ZL = jωL

= ∞

= 0

For DC:
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AC circuits in steady state
Rules of 👍 for L and C:

lim
ω→0

Zc =
1

jωC
Ṽs

~

R

Ṽo = Ṽs Ṽs
~

R

lim
ω→0

ZL = jωL

= ∞

= 0

For DC:

Ṽo = 0
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AC circuits in steady state
Rules of 👍 for L and C:

lim
ω→0

Zc =
1

jωC

lim
ω→0

ZL = jωL

lim
ω→∞

Zc =
1

jωC

lim
ω→∞

ZL = jωL
Ṽs

~
Zc =

1
jωC

R

Ṽo
Ṽs

~ Zc = jωL

R

Ṽo

= ∞

= ∞

= 0

= 0

For DC:

For very high frequency:

Ṽs
~

R

Ṽo = Ṽs Ṽs
~

R

Ṽo = 0
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AC circuits in steady state
Rules of 👍 for L and C:

lim
ω→0

Zc =
1

jωC

lim
ω→0

ZL = jωL

lim
ω→∞

Zc =
1

jωC

lim
ω→∞

ZL = jωL
Ṽs

~

R

Ṽs
~

R

= ∞

= ∞

= 0

= 0

For DC:

For very high frequency:

Ṽs
~

R

Ṽo = Ṽs Ṽs
~

R

Ṽo = 0

Ṽo = ṼsṼo = 0
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2

Loglog plot|H( jω) | 0.1
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Series RLC AC analysis

Ṽs ~

C

LR
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Series RLC AC analysis

Ṽs ~

C

LR
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Series RLC Resonance

Ṽs ~

C

LR

At: ω =
1

LC
⇒ Zc + ZL = 0

But…. Ṽc = − jṼsQ

Q = 400If | Ṽc | = 400 | Ṽs | !
Passive voltage gain!

Circuit at DC ( ): ω = 0

Ṽs ~

C

LR
Circuit at high-freq ( ):ω → ∞

Ṽs ~

C

LR
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Parallel RLC Resonance

Ṽth
~

C L

Zth
ĩ

Ṽth

Zth
~

ĩ

ZLd
Zth

ZLd = ZC | |ZL

ZLd =
1

jωC + 1
jωL

=
1

1 − ω2LC

lim
ω→ 1

LC

ZLD = ∞ ⇒ ĩ → 0

⇒ ṼZLd
→ Ṽth



MRI Receiver Coils

•Near-field antennas

•Receive the MRI signal

•Designed to maximize 
signal at the MRI frequency

– Arrays are key for SNR & 
acceleration

courtesy Boris Keil, Larry Wald, MGH



Proximity is the Key
Figure  1:  RF  receive  coil  arrays  proximity  to  body  results  in  better  image  SNR.    

  

a, Conventional MRI receive arrays on the chest and head of a patient. b, Cervical spine                                               

images of volunteer showing low-SNR when using a coil placed 8 cm away from the                                            

spine (left) and high SNR when placed against the skin (right). c, Schematic                                      

representation of fabrication process of flexible printed coils. The screen is patterned                                   

with emulsion (blue) and shows the coil design. Ink (grey) is transferred to the substrate                                            

(white) during the screen-printing process. d, Photograph of a printed flexible 4-channel                                   

coil array fabricated on plastic film and integrated into an infant blanket. The inset shows                                            

how a printed coil is stitched into the fabric. e, Concept drawing of an infant swaddle and                                                  

hat  with  an  integrated  printed  receive  coil  array.    

  

  

  

  

  

     

*Corea et al, Nat Commun. 2016;7:10839



Coil Arrays

• Use multiple small elements to

– Gain SNR and coverage

– Gain Speed (parallel imaging)



Preamp

Receive Coil Components

courtesy Gillian Haemer, InkSpace Imaging

~

Ṽs
ω
2π

≈ 128[MHz]

Ṽs
~

R L

≈ [μV] → 10′ s [μV]



Preamp

𝜔0 =
1

𝐿𝐶

Receive Coil Components: Capacitors

courtesy Gillian Haemer, InkSpace Imaging

Ṽs
~

R L

~

Ṽs
ω
2π

≈ 128[MHz]

Q = 20 → 400

| Ṽs |Q

≈ [μV] → 10′ s [μV]



Preamp

Receive Coil Components: Capacitors

courtesy Gillian Haemer, InkSpace Imaging

~

Ṽs
ω
2π

≈ 128[MHz]

𝜔0 =
1

𝐿𝐶

≈ 10′ s[V] → 100′ s[V]

Ṽs
~

R L
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Receive Coil Components: Detuning

courtesy Gillian Haemer, InkSpace Imaging

~

Ṽs
~

R L

ZBlock



Pediatric Coil Arrays

• Array density, coverage and fit are key 
• Often adult coils are used 

– Limits SNR 
– Limits acceleration 
– Limits patients management



Origin Story (2011)….

AC Arias



The Dream

Figure 3: We envision cloth-like flexible coils, which can either attach to clothing with Velcro or form a tailored shirt for
a tight fit.

A.2 Public health impact

Tight-fitting flexible MRI coils will provide better
imaging quality and improved healthcare to a broad
patient population. In particular, the advantages of
these coils will directly help vulnerable populations
such as newborns and children, for whom dedicated
coils are often unavailable. Poor fitting of children
into adult coils leads to low SNR. The significance
of this cannot be overstated. See letter from Dr.
Vasanawala.

B Research Strategy: Innovation
B.1 Shifts in Current Paradigms

We propose a radically different approach to fabri-
cating flexible MRI receiver coil arrays: an integrated
all-in-one fabrication process in which inductors and
other passive and active components are printed
onto a durable flexible substrate. As illustrated in Fig-
ure 3, we envision printing cloth-like MRI coil arrays
that can be literally tailored into wearable clothing
that provides a tight fit to the body - and can signifi-
cantly increase the SNR close to the surface.

Wearable coils will also improve the workflow in radi-
ology departments by enabling technicians to fit ar-
rays to patients outside the magnet during patient
preparation. This will increase throughput, reduce
dead time and lower the cost of healthcare.

In the unique research environment at UC Berkeley
and along with the strength of top MR researchers
in the San Francisco Bay Area, we have assem-

bled a team of experts, each in his/her own re-
search field: MR imaging, printed electronics and
in MR hardware. The leading PIs of the project are
Prof. Michael Lustig and Prof. Ana Claudia Arias.
Prof. Lustig is an expert in parallel imaging with 9
years of experience in the field of MR. Prof. Arias
is a senior researcher with 10 years of industry ex-
perience in flexible printed electronics. In addition,
Prof. Steve Conolly and Dr. Greig Scott, both world
experts in MR hardware with experience in design-
ing complete MR systems, and Dr. Anita Flynn with
years of experience in device fabrication and circuit
design, will enhance the team.

The major innovations in this project are:

B.1.1 Use of scalable printing technologies to
fabricate MRI coils

Screen printing technology has never been used be-
fore for fabricating coils. Screen printing will enable
flexible, robust and thick films with higher conduc-
tivity than other printing techniques (such as inkjet
printing).

B.1.2 New film deposition techniques to form
mechanically stable coils on novel sub-
strates

Mesh/cloth-like substrates have both mechanical
strength and flexibility. We will develop techniques
to print devices on this substrates. Meshes posses



 J. Corea, AC Arias et al. Nature comm. 2016;7:10839. UC Berkeley



12 Channel Coil8 Channel Printed Array

1st Volunteer Imaging 2013

J. Corea



Baby Hope – preparing for patient imaging 2014
A. Flynn



1st Baby – 3kg, 10 weeks old patient

S. Vasanawala



“The Berkeley 12”  -  2016

•  12ch 
•  Printed Antennas 
•  Remote Detuning 
•  Unique Packaging 
•  Weight 360gr

 J. Corea, Lustig, Arias, et al. Nature comm. 2016;7:10839. UC Berkeley
 J. Corea, Lustig, Arias, et al. MRM. 2017;78(2):775. UC Berkeley

J. Corea



The Berkeley 12ch Array

b-SSFP

5 years old 2 years old

3D GRE
3 month old

4D Flow

resp. bellows

• 20 patient usability/preference study

- Preferred by Techs, Nurses, parents/child

- Clinically diagnostic, SNR similar to 32ch


Winkler et al., Radiology 2019;291(1):180-185

2 years old

Coil placement



 Improving the comfort, reliability, and performance 
of MRI examsB. LechêneAC AriasM. Lustig J. Corea

Founded InkSpace Imaging 2017



Pediatric 24ch printed array

• Technology commercialized by InkSpace Imaging 
– FDA 510K Approved as of 12/2021



15-Channel Twisted Wire Head Array

Concept RealityPrototype



Multiple Positions, compatible with EEG
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What now? 
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AC Voltage/Current of a Resistive Load

R
VR(t) = ṼRejωt

Amplitude: | ṼR | = V0

Phase: ∠ṼR = 0

Frequency: ω =
2π
T

= 2πf [rad/s]
[s]

[Hz]

0 0.25 0.5 0.75 1 1.25 1.5

-1

-0.5

0.5

1 VR(t)

T

V0

Resistive Load: 

VR(t) = V0 cos(ωt)

Phasor form:

iR(t) =
VR(t)

R
=

ṼRejωt

R

ĨR =
ṼR

R
⇒ iR(t) =

V0

R
cos(ωt)
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1

AC Voltage/Current of a Resistive Load

R
VR(t) = ṼRejωt

Amplitude: | ṼR | = V0

Phase: ∠ṼR = 0

Frequency: ω =
2π
T

= 2πf [rad/s]
[s]

[Hz]
VR(t)

T

V0

Resistive Load: 

VR(t) = V0 cos(ωt)

Phasor form:

IR(t)iR(t) =
VR(t)

R
=

ṼRejωt

R

ĨR =
ṼR

R
⇒ iR(t) =

V0

R
cos(ωt)
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0.5

1AC Power of a Resistive Load

R

TVR(t) = V0 cos(ωt) iR(t) =
V0

R
cos(ωt)

p(t) = VR(t)iR(t) =
V2

0

R
cos2(ωt)

VR(t)

IR(t)
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0 0.25 0.5 0.75 1 1.25 1.5

-1

-0.5

0.5

1AC Power of a Resistive Load

R

pavg =
1
2

ṼRĨ*R

TVR(t) = V0 cos(ωt)

Phasor form:

iR(t) =
V0

R
cos(ωt)

p(t) = VR(t)iR(t) =
V2

0

R
cos2(ωt)

Power consumed on positive and negative cycles!

1
T ∫

T

0
p(τ)dτpavg = =

V2
0

R
1
T ∫

T

0
cos2(ωτ)dτ =

1
2

V2
0

R

p̃(t) = ṼRĨR???

=
1
2

| ṼR |2

R

ṼR ĨR =
ṼR

R

=
1
2

V2
0

R

VR(t)

IR(t)

p(t)
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AC Voltage/Current of a Capacitive Load

C
Vc(t) = Ṽcejωt

0 0.25 0.5 0.75 1 1.25 1.5

-1

-0.5

0.5

1 VC(t)

T

V0

Capacitive Load: 

Vc(t) = V0 cos(ωt)

Phasor form:

Ĩc =
Ṽc

Zc
=

Ṽc
1

jωC

= ωCṼcej π
2

⇒ iC(t) = ωCV0 cos(ωt +
π
2

) = − ωCV0 sin(ωt)
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AC Voltage/Current of a Capacitive Load

C

VC(t)

T

V0

Capacitive Load: 

Phasor form:
Vc(t) = Ṽcejωt

Vc(t) = V0 cos(ωt)

Ĩc =
Ṽc

Zc
=

Ṽc
1

jωC

⇒ iC(t) = ωCV0 cos(ωt +
π
2

) = − ωCV0 sin(ωt)

= ωCṼcej π
2

Ic(t)
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-1

-0.5

0.5

1AC Power of a Capacitive Load
T

p(t) = VR(t)iR(t) = − ωCV2
0 cos(ωt)sin(ωt)

VC(t) = V0 cos(ωt) iC(t) = − ωCV0 sin(ωt)

C
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0 0.25 0.5 0.75 1 1.25 1.5

-1

-0.5

0.5

1AC Power of a Capacitive Load
T

p(t) = VR(t)iR(t) = − ωCV2
0 cos(ωt)sin(ωt)

VC(t) = V0 cos(ωt) iC(t) = − ωCV0 sin(ωt)

C

Power oscillates between positive and negative 
twice a cycles! Power goes back and forth!

1
T ∫

T

0
p(τ)dτpavg = = 0

Phasor form: Ĩc = jωCṼcṼc

pavg =
1
2

ṼcĨ*c =
1
2

jωCV2
0 Pure imaginary average power!

Also called reactive power —  average power stored in a cycle
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AC Power

pavg =
1
2

V2
0

R
ĨR =

ṼR

R
Resistor: Pure real resistive/

dissipating  power

Ĩc = jωCṼcCapacitor pavg = jC
1
2

V2
0

Pure imaginary 
Reactive power

ĨL =
ṼL

jωL
Inductor pavg =

1
2

V2
0

jωL
Pure imaginary 
Reactive power

General complex valued power: Ĩ = I0ejθ1 Ṽ = V0ejθ2

pavg =
1
2

ṼĨ* = V0I0ej(θ2−θ1)
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AC Power

pavg =
1
2

V2
0

R
Ĩc = jωCṼc

ĨR =
ṼR

R

ĨL =
ṼL

jωL

Resistor:

Capacitor

Inductor

Pure real resistive/
dissipating  power

pavg = jC
1
2

V2
0

Pure imaginary 
Reactive power

pavg =
1
2

V2
0

jωL
Pure imaginary 
Reactive power

General complex valued power: Ĩ = I0ejθ1 Ṽ = V0ejθ2

pavg =
1
2

ṼĨ* = V0I0ej(θ2−θ1)

Resistive dissipating average power: Real{
1
2

ṼĨ*} =
1
2

V0I0 cos(θ2 − θ1)

Reactive (storage) average power: Imag{
1
2

ṼĨ*} =
1
2

V0I0 sin(θ2 − θ1)

0 0.25 0.5 0.75 1 1.25 1.5

-1

-0.5

0.5

1

I(t)

V(t)
p(t)
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Grid AC Voltage and Power

pavg =
1
2

ṼĨ* = ṼRMSĨ*RMS

0 0.25 0.5 0.75 1 1.25 1.5

-1

-0.5

0.5

1

=311VVpp

=110VVRMS

=155VVmagn

VRMS =
1

2
Vmagn

Vpp = 2Vmagn


