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General Procedure for SVD

based on ATA
1: Find eigenvalues of ATA and     
order them from biggest to smallest

2: Find orthonormal vectors of ATA

3: Set

1: Find eigenvalues of AAT and     
order them from biggest to smallest

based on AAT

3: Set

AT A ⃗vi = λi ⃗vi

2: Find orthonormal vectors of AAT

AAT ⃗vi = λi ⃗ui



Accuracy with Finite Precision
Consider matrix A∈R512x256 with the following singular values:
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Consider matrix A∈R512x256 with the following singular values:
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Geometric Interpretation

Q: What vector would amplify the most?
A: Aligns with ⃗v1



VTΣU



Top-Secret (1984)



Rank 1 Matrix
Consider the following matrix:

Rank = 1

We can decompose a rank-1 matrix as an outer product:



SVD

SVD decomposes a rank r matrix 
into a sum of r rank-1 matrices:

1)

2)

3)



SVD

Typically, 
If m,n are large and r is small
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Noisy Flag



Video of a Heart

418

1602

160

160



Heart Example



Heart Example



Data Analysis with SVD

effectiven movies ratings

m 
viewers

1   2    5     5    1   3     3    3    2    5    5    4     4    3    2    2    5    1     1
5   3    2     1    1   3     3    3    1    1    2    4     5    5    4    4    1    3     2
5   1    2     1    1   2     3    3    1    1    2    1     5    5    3    5    1    1     2

1   1    1     1    5   3     3    3    1    5    2    4     4    4    2    5    5    1     1

5   3    2     1    1   3     2    3    1    1    2    4     1    1    4    4    5     1    5
1   2    3     2    1   3     2    3    2    1    2    1     1    1    4    4    5     1    5

Attribute 1
“Funny”

Attribute 2
“Scary”

Attribute 3
“Dramatic”



Classification with SVD

Miki belongs to class: like A2 don’t like A1  

n movies
1   2    5     5    1   3     3    3    2    5    5    4     4    3    2    2    5    1     1

5   3    2     1    1   3     3    3    1    1    2    4     5    5    4    4    1    3     2
5   1    2     1    1   2     3    3    1    1    2    1     5    5    3    5    1    1     2

1   1    1     1    5   3     3    3    1    5    2    4     4    4    2    5    5    1     1

5   3    2     1    1   3     2    3    1    1    2    4     1    1    4    4    5     1    5
1   2    3     2    1   3     2    3    2    1    2    1     1    1    4    4    5     1    5

m 
viewers

M
ovie significance for attriute 1

Miki’s rating

A1

A2

A1

⃗v1

M
ovie significance for attribute 2

A2

⃗v2



Classification with SVD

Star Wars is somewhat funny and somewhat scary

n movies
1   2    5     5    1   3     3    3    2    5    5    4     4    3    2    2    5    1     1

5   3    2     1    1   3     3    3    1    1    2    4     5    5    4    4    1    3     2
5   1    2     1    1   2     3    3    1    1    2    1     5    5    3    5    1    1     2

1   1    1     1    5   3     3    3    1    5    2    4     4    4    2    5    5    1     1

5   3    2     1    1   3     2    3    1    1    2    4     1    1    4    4    5     1    5
1   2    3     2    1   3     2    3    2    1    2    1     1    1    4    4    5     1    5

m 
viewers

Viewer significance for attriute 1

Star W
ars R

atings

 A1 “funny”

A2
 “S

ca
ry

”

A1

⃗uT
1

Viewer significance for attriute 2
A2⃗uT

2



Prediction with SVD

Can try to predict preferences of 
a new customer with few ratings

See homework!
n movies

m 
views

1   2    5     5    1   3     3    3    2    5    5    4     4    3    2    2    5    1     1

5   3    2     1    1   3     3    3    1    1    2    4     5    5    4    4    1    3     2
5   1    2     1    1   2     3    3    1    1    2    1     5    5    3    5    1    1     2

1   1    1     1    5   3     3    3    1    5    2    4     4    4    2    5    5    1     1

5   3    2     1    1   3     2    3    1    1    2    4     1    1    4    4    5     1    5
1   2    3     2    1   3     2    3    2    1    2    1     1    1    4    4    5     1    5

Attribute 1 Attribute 2 Attribute 3

1   ?    ?     2    ?    ?     ?     ?    3    5    1     ?    ?     ?     ?   5    2     ?    3



Low-rank Completion

What if my database is full of “holes”?

Should be still low-rank!

Q) Can we complete missing data?

n movies

m 
views

1        5     5    1    3            3    2    5    5    4          3    2    2    5          1

5   3           1    1   3     3           1    1    2          5           4    4    1    3     2
    1    2     1    1           3    3          1    2    1     5    5    3    5           1     2

1   1                5   3     3           5    2    4                 2    5    5    1     1

5   3            1        3     2         1           2     4     1          4          5           5
1        3     2    1   3     2    3    2    1           1           1    4           5     1    5

A) Sometimes!  Very recent mathematical and practical results show you can. 
Keywords: Compressed Sensing, Low-rank completion, robust PCA 

E. Candes and B. Recht, Foundation of Computational Mathematics, 2009;9:717



Low-Rank Recovery from 20% pixels

• Algorithm for low-rank 
completion:
– flag_hat = flag
– Compute [U,S,V] = svd(flag_hat)

– 

– update missing pixels in flag from 
flag_hat

– repeat (250 times here)



Dynamic MRI
Missing Data

~1.5 x 1.5 x 3 mm3



~1.5 x 1.5 x 3 mm3

Dynamic MRI
Low-Rank



Principal Component Analysis
Application of the SVD to datasets to learn features
PCA is a tool in statistics and machine learning, which can be computed using SVD

movies

viewers



Example -- PCA
Consider data s.t. 

SVD SVD



Example -- PCA
Consider miterm data

st
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Example -- PCA
Consider miterm data

st
ud

en
ts

consistency
up-down  
mobility

mit1

mit2

mit1 mit2

mit1

mit2



PCA Procedure
Remove averages from column of A

st
ud

en
ts

mit1 mit2

mit1

mit2
From ATA, find

     are principal components!

 



ATA as sample covariance matrix

Sample 
Variance!



Example midterm


